Transient responses in disordered systems typically show a heavy-tail relaxation behavior: the decay time constant increases as time increases, revealing a spectral distribution of time constants. The asymptotic value of such transients is notoriously difficult to experimentally measure due to the increasing decay time-scale. However, if the heavy-tail transient is plotted versus log-time, a reduced set of data around the inflection point of such a plot is sufficient for an accurate fit. From a derivative plot in log-time, the peak height, position, line width, and, most importantly, skewness are all that is needed to accurately predict the asymptotic value of various heavy-tail decay models to within less than a percent. This curve fitting strategy reduces by orders of magnitude the amount of experimental data required, and clearly identifies a threshold below which the amount of data is insufficient to distinguish various models. The skew normal spectral fit and dispersive diffusion transient fit are proposed as four-parameter fits, with the latter including the stretched exponential as a limiting case. The line fit and asymptotic prediction are demonstrated using experimental transient responses in previously published amorphous silicon and amorphous InGaZnO data.
I. INTRODUCTION
Transient responses in disordered physical systems frequently exhibit a range of relaxation time scales. When rapid decay scales govern the initial response but ever slower decay scales govern the longer time response, such relaxations are called heavy-tail transients. For example, dielectric relaxation in cold glasses well below the glass transition temperature in the presence of a static electric field represents the first system where this behavior was observed by Kohlrausch in 1854. 1 The same behavior was rediscovered by Williams and Watts over a century later 2 , and the legacy of glassy systems has been inherited by the soft-matter community where reviews of the empirical behavior have been written, 3 though there is a tendency to rely on stretched exponentials to fit the data, [4] [5] [6] [7] without considering other heavy-tail candidate functions. 8, 9 In addition, biological systems such as stress-relaxation in bone and cartilage, 10 seismic systems such as earthquake magnitude and frequency, 11 and complex stochastic systems such as stock market survival probability 12 all exhibit heavy-tail transients.
This manuscript focuses on the heavy-tail transients that occur in technologically relevant electronic materials, such as the photoconductivity response in amorphous semiconductors, 13 as well as in systems that one might not initially think of as disordered, such as the field-induced conductivity transients in two-dimensional materials on imperfect substrates 14, 15 and photoluminescence of type-II superlattices suffering from interface diffusion. 16 In all the above cases, the heavy-tail transients occur when switching from one steady-state condition to another. But across different scientific communities, there are advances in knowledge that are accepted in one community that are unknown in another, so a clear unified summary of the heavy-tail phenomenology is needed. Furthermore, new developments, such as the four-parameter skewed-fit proposed here, can have broad impact across many fields.
Heavy-tail transients can always be mathematically decomposed into an amplitude spectrum of exponential decays spanning a range of time constants, whereby the shape of the time constant spectrum serves as a fingerprint of the physical mechanism behind the heavytail decay. For example, this spectrum of time constants can be discrete in crystals with multiple species of ionized dopants, whereby a different relaxation time constant is associated with each defect level, forming the basis of photoinduced current transient spectroscopy (PICTS) experiments. 17, 18 In disordered systems, on the other hand, one expects a continuum of time constants. Amorphous semiconductors also exhibit heavytail transients, [19] [20] [21] and although some authors have similarly modeled these with a handful of discrete relaxation time constants, 19, 22 the justification for such an interpretation is unclear due to the structural randomness which seems to preclude populations of nominally identical defects. Instead, transients in amorphous systems typically assume a continuum of time constants which are statistically distributed within a broad range. 21, 23, 24 Strong disorder potentials with a continuum of relaxation time constants can also be found in crystalline semiconductor systems. For example, two-dimensional materials are unable to screen a nearby disorder potential due to their atomic thickness and their low-dimensional density of states. The proximity of the disorder potential caused by the substrate interface roughness and remote ionized impurities 14 results in a strong disorder potential, leading to a continuum of relaxation time constants. A disorder-induced range of time constants is also expected in photoluminescence decay in type II superlattices since the forward diffusion of the column V atoms at the superlattice interfaces creates a disorder potential that separates localized electrons and holes at random distances. 25, 26 Thus the characterization of heavytail transients has broad relevance in various modern elecarXiv:1706.00902v1 [cond-mat.dis-nn] 3 Jun 2017 tronic materials research including some crystalline systems.
Several simple analytical functions have been proposed to describe such heavy-tail transients and/or the resulting time constant spectrum with just a few parameters. The most well-known example is the stretched exponential function, also known as the Kohlrausch-WilliamsWatts (KWW) function, 1,2 which adds a stretching exponent β to the simple exponential function
The stretched exponential provides an excellent empirical fit to certain heavy-tail experimental transients observed in amorphous semiconductors and polymers over a wide range of time scales. 21, 27, 28 Alternatively, the less wellknown algebraic decay or inverse power-law function is also reported to fit experimental data, though its use is less widespread than the KWW fit.
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Both functions can be theoretically derived from a dispersive diffusion model, where the decay coefficient has a power-law decrease over time. The stretched exponential results from a so-called unimolecular process whereby the non-equilibrium sites undergo relaxation amongst a fixed density of mobile catalysts or "walkers". On the other hand, an algebraic decay results from a so-called bimolecular process, whereby the non-equilibrium sites annihilate the mobile catalyst "walkers" upon relaxation.
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Both the stretched exponential and algebraic decay represent limits of the same dispersive diffusion model with a tunable dispersion parameter. 32 As another option, one can envision the disorder-broadening of a single energy level into a Gaussian energy distribution, which also leads to a heavy-tail transient. 33, 34 All those models yield heavy-tail transients with fast initial responses and slow long-term responses, making it difficult to determine which model to apply for an arbitrary experimental transient. In addition, there is no single "time constant" for a heavy-tail transient, making it hard to determine when enough experimental data has been collected to accurately represent the time constant spectrum and predict an asymptotic value. A model-independent analysis method is therefore needed. This paper will introduce universal line-fits to characterize any heavy-tail experimental transient. The initial step reviewed in Section II is to plot the response in linear amplitude versus log-time where the transient represents a convolution of the time constant spectrum with an exponential decay. Here three different physically justifiable transient expressions are examined. For common physical systems, it is shown that the inflection point on such a plot represents the characteristic time scale of the transient. Whereas previous efforts have attempted various deconvolution methods, these all suffer from the impracticality of collecting a complete transient dataset in log-time. Instead, in Section III we conduct a lineshape analysis to find an empirical fit function with only four fit parameters which can extrapolate a finite dataset with sufficient accuracy. It is shown that lineshapes must include a skewness parameter to distinguish various physically distinct time constant distributions. The skew normal spectrum model and the dispersive diffusion transient model are introduced as simple four-parameter fits whereby one can estimate the peak position and asymptotic value of the time constant spectrum by identifying four features in a restricted dataset surrounding the inflection point in the original data. Unlike other analysis methods that require the entire duration of the response to be measured before the data is analyzed, 35-37 these four-parameter fits can accurately identify the key features from a truncated set of data, thereby saving orders of magnitude in measurement time.
In Section IV, analysis methods developed here are tested on published heavy-tail transient data from amorphous InGaZnO and amorphous silicon photoconductivity. These methods can also be applied to general heavytail relaxation problems.
II. THEORY AND MODELING
A. Decomposing heavy-tail transients into a time constant spectrum
Transient responses comprised of discrete time constants can be written as the sum of simple exponentials. For systems with a countable number of discrete time constants τ 1 , τ 2 · · · τ n , the overall response f (t) over time t has the form of Eq. (3), with amplitude A 1 , A 2 · · · A n for each time constant, and the asymptotic constant background f ∞ at t → +∞.
This equation can be generalized to a transient response with a continuum of amplitudes g(τ ) dτ defined for each time constant interval dτ around τ . A generic transient response signal f (t) can be expressed as a Fredholm integral equation of the first kind
where g(τ ) is the time constant spectrum of interest; the simple exponential decay function h(t, τ ) = e −t/τ is the kernel of the integral; and f ∞ is the asymptotic constant background at t → +∞. This work will focus on systems with positive-definite g(τ ). Such a condition is satisfied if and only if the transient response amplitude f (t) decays monotonically with time, and if all higher derivatives also increase or decrease monotonically with alternating sign of derivative order.
In practice, this condition is satisfied for all transients provided there are no underdamped oscillations in the response. Several previous reports have tried to deduce the linear-scale time constant spectrum g(τ ) directly from Eq. (4). When the full transient f (t) is known, g(τ ) can be calculated through inverse Laplace transform. For example, Lindsey and Patterson have derived the time constant distribution g(τ ) of stretched exponential relaxation in the form of an infinite series. 38 But for an experimentally measured transient response f (t) which also includes noise, deducing g(τ ) is an ill-posed problem. For such an inversion of the Fredholm integral equation of the first kind, a small noise in the response f (t) can lead to a large error in the deduced g(τ ) distribution.
23 Methods like Tikhonov regularization can be used to suppress the noise. 23, 39 However, those methods are computationally complex, and result in artificial spikes in the deduced g(τ ) when the measurements end before reaching the asymptotic background f ∞ .
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The three different types of heavy-tail transients f (t) considered in the following analysis are plotted versus linear time in Fig. 1 . In the linear-linear plots of panels (a, c, e), all heavy-tail decays obey the rules of a positivedefinite time constant spectrum per Eq. (5); and in the log-linear plots of panels (b, d, f), all curves have upwards curvature with decreasing slope amplitude, indicating a monotonically increasing time constant. However, other than indicating the existence of a spectrum of time constants, such relaxation plots make it difficult to quantify the time constant distribution g(τ ) or to even identify how much data is sufficient to extract g(τ ). Instead of log-linear plots, we shall demonstrate the advantage of linear-log plots in identifying when sufficient data is collected to characterize the transient, and in curve-fitting finite datasets of such transients.
As we shall see, many of these numerical difficulties can be circumvented by rewriting the transient response as a function of ln t instead of linear t, converting the inverse Fredholm integral into a far more tractable deconvolution problem. Following the first step of Gardner, 36 here we define variables x = ln t as the log-scale time and u = ln τ as the log-scale time constant. Substituting t = e x and τ = e u into Eq. (4) gives the following expression for the log-scale transient F (x), with log-scale time constant spectrum defined as G(u) = τ g(τ ):
Note that x appears only as a difference with u. If we define the impulse response H(x)
the desired convolution form results: The time constant spectrum G(u) can be deduced through deconvolution of F (x) using the Gardner transform 36 or other methods, and requires the full transient F (x) to be known from t = 0 to ∞. The same time constant spectrum G(u) can also be deduced from any order derivative of the log-scale transient response. For example, the first derivative of the log-scale transient is:
Because the first derivative eliminates the need to fit the asymptotic offset value f ∞ , the method below will use the derivative F (x) to deduce G(u).
It is important to re-examine the familiar exponential decay in log-time, to develop an intuition concerning the deconvolution. The exponential impulse response H(x) in log-time is plotted in Fig. 2 (a) and its derivative H (x) in Fig. 2(b) . The curve of H(x) shows an inflection point, corresponding to the peak in −H (x) at the mode position (local maximum) x H,p = 0, with mode amplitude
Eq. (9) that the integrated amplitude of the time constant spectrum G(u) equals the total response amplitude.
The impulse function −H (x) has a left-skewed unimodal (single-peak) shape, with half-maximum partial width ∆x − H ≈ 1.46 on the left and ∆x + H ≈ 0.99 on the right. Note that in log-time, every exponential has exactly the same linewidth. For a different value of the decay time constant, the curve merely translates in log-time. Also, the linewidth of this curve represents the absolute minimum linewidth that any transient response can have in log-time. Any decay that is not a pure exponential will be a convolution of this curve with a time constant spectrum of finite width, and hence will be broadened with respect to this pure exponential.
B. Physical examples of heavy-tail time constant spectra
In this section we will discuss three physical examples of relaxation responses in terms of their time constant spectra G(u). To establish an intuition for using G(u) as the fingerprint for different physical mechanisms, the three models chosen here have distinct symmetries. The Gaussian normal distribution defines a symmetric G(u) spectrum; the stretched exponential model yields a leftskewed G(u) spectrum; and the algebraic decay model yields a right-skewed G(u) spectrum.
Gaussian normal time constant spectrum
The physical model that most naturally describes a statistical distribution of independent time constants is the distributed activation energy model. 33, 34 Consider a thermally activated process with activation energy E, where each relaxation time constant τ is described with
whereby ν is the attempt-to-escape frequency, often assumed to be phonon frequency, k B is Boltzmanns constant, and T is the temperature. 21, 22 Thus the time constant u in logarithmic time is linearly related to the activation energy E through the following equation.
For systems with trap states spanning a distribution of activation energies E, the time constant spectrum G(u) is therefore proportional to the density of trap states. A Gaussian normal time constant spectrum might naturally arise in a disordered system, where statistical disorder in the local configuration would lead to a homogeneously broadened Gaussian distribution of trap activation energies 23, 41 or equivalently, a Gaussian time constant spectrum in ln τ . The Gaussian is symmetric in Fig. 3 (b, e, h) are listed in the left column. The SN fit parameters calculated from these features using Eqs. (27) are listed in the middle column. Similarly, the DD fit parameters calculated using Eqs. (29) log-time with zero skewness, and can be characterized by three parameters: its integrated spectral weight A, central value u 0 , and standard deviation σ.
The corresponding transient response F GN (x) requires integrating from −∞ to +∞ per Eq. (8) .
An example of the Gaussian distribution model is plotted in the central column of Fig. 3 (red) . The time constant spectrum G GN (u) with unit area is plotted in Fig. 3(f) , assuming a standard deviation σ = 1.1. The corresponding log-scale transient F GN (x), and log-scale derivative −F GN (x) are plotted in panels (d) and (e), respectively. Note that because the Gaussian distribution model explicitly assumes a symmetric G GN (u), the log-scale derivative −F (x) is left-skewed, due to the convolution with the left-skewed impulse function −H (x).
Stretched exponential decay
The stretched exponential model assumes a specific functional form for the transient instead of assuming a time constant spectrum. The stretched exponential decay introduced in Section I is:
Again, the lineshape has three fit parameters plus an offset, where A is again the total response amplitude, τ 0 is the characteristic time scale of the stretched exponential, and β is the stretching exponent. The corresponding logtime response is
where the 2nd equation above clearly shows how the stretched exponent is scaled in log time by the stretching parameter β. This transient is predicted from the continuous-time random walk model of relaxation whereby mobile walkers that precipitate relaxation continue to migrate after catalyzing relaxation events at relaxation sites.
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Stretched exponential transients have been widely observed in many disordered, amorphous, and glassy systems. At short time scales t → 0, the initial transient behavior of the stretched exponential can be approximated as
As we will see in the next section, this short time transient is identical to that of the algebraic decay. A stretched exponential decay can also be characterized with a rate equation that shows a power-law decay in time. The decay rate f (t) is proportional to the excess signal f (t) − f ∞ by a time-dependent power law:
The stretched exponential satisfies the monotonic decay condition of Eq. (5), and thus can be deconvolved to a positive-definite time constant spectrum G SE (u). Johnston has calculated the analytical function of G SE (u) for a few rational β values, and has shown that G SE (u) always has a continuous left-skewed unimodal distribution. 48 For other β values, G SE (u) can be numerically calculated through an inverse Laplace transform of Eq. (14) . 49 An example of a stretched exponential decay is plotted in the left column of Fig. 3 (green) , with the stretching exponent β = 2/3 and unit response amplitude. Fig. 3(a) plots the transient response versus log-scale time, and panels (b) and (c) plot its derivative −F SE (x) and the time constant spectrum G SE (u), respectively. Both −F SE (x) and G SE (u) are clearly leftskewed for the stretched exponential transient.
Algebraic decay
The algebraic decay is another kind of relaxation behavior experimentally reported, such as in the recombination of electron-hole pairs in amorphous silicon and amorphous chalcogenides. [29] [30] [31] Similar to the stretched exponential relaxation, this form is also predicted from a variant of the continuous-time random walk model, but here the walkers are assumed to annihilate when they reach relaxation sites. 8, 50 Therefore, the decay rate f (t) is proportional to the square of excess density
This leads to the algebraic decay function
with three lineshape parameters and an offset, where A is the total response amplitude, τ 0 is the characteristic time scale, and β is the dispersive coefficient. The corresponding log-time response is
At short time scales t → 0, the initial transient behavior of the algebraic decay can be approximated as
identical to Eq. (16) . Thus an algebraic decay is indistinguishable from a stretched exponential decay at short time scales t < τ 0 . The algebraic decay will relax slower than the stretched exponential decay when the measurement duration is sufficiently long. At long times t > τ 0 , the asymptotic behavior describes an inverse power-law heavy-tail
hence the algebraic decay is sometimes also referred to as an inverse power-law decay. The algebraic decay also satisfies the monotonic decay condition Eq. (5), and can be deconvolved into a positivedefinite time constant spectrum G AD (u). For the special case with β = 1, the analytical expression for g AD (τ ) and
For 0 < β < 1, the time constant spectrum G AD (u) can be numerically deconvolved from Eq. (20) . An algebraic decay with the β = 1 and unit response amplitude is plotted in Fig. 3 (g) (blue) versus log-scale time x = ln t, with its log-scale derivative −F AD (x) in panel (h) and log-scale time constant spectrum G AD (u) in panel (i).
Note that an algebraic decay will always have a symmetric derivative in log-time −F AD (x) around its central value u 0 as demonstrated in panel (k). After deconvolving with the left-skewed impulse function, the resulting time constant spectrum G AD (u) is always right-skewed as seen in panel (l).
III. SKEWED FOUR-PARAMETER FITS TO TIME CONSTANT SPECTRUM
In this section, we propose to fit the time constant spectrum with four parameters describing: amplitude, central value, linewidth, and, in particular, skewness. This is more versatile than any of the three-parameter models discussed above in Section II.B, whose skewness is constrained to be zero, positive, or negative, respectively. The skew normal (SN) spectrum lineshape and the dispersive diffusion (DD) transient function are introduced as examples of four-parameter models that include skewness. Both methods can fit reasonably well to any of the decay responses described above, with the DD model showing particularly excellent fits to the SE and AD models, and the SN showing excellent fits to the Gaussian. Most importantly, these skewed four-parameter models allow extrapolation from a finite experimental dataset to an accurate asymptotic value.
A. Direct extraction of the time constant spectrum
As was mentioned in the introduction, several previous reports have attempted to extract G(u) directly from a general decay response F (x), relying on deconvolution. For example, by approximating the impulse function −H (x) in Eq. (9) as a delta function, Jackson et al. proposed to use the log-scale derivative −F (x) directly as a rough estimation of the time constant spectrum G(u). 51 This delta-function approximation is only valid when the linewidth ∆x of the derivative peak −F (x) is significantly wider than the linewidth ∆x H of the impulse function derivative −H (x), ∆x ∆x H , and such an estimated time constant spectrum can at best achieve a time resolution of the order ∆x H .
To achieve a more accurate deconvolution of Eq. (9) for narrower time constant spectra, the full Gardner transformation method can be used. The Gardner transformation extracts G(u) by Fourier transforming both sides of Eq. (9), thereby converting the deconvolution to simple division in the Fourier domain. 36 However, both the Fourier transform and the inverse Fourier transform steps require a complete dataset of the transient, integrating from x = −∞ to +∞. In real experiments, the measurement resolution may not be able to cover the initial response at arbitrarily short time scales (x → −∞), and the measurement duration can rarely cover the entire tail of the heavy-tail response at long times (x → +∞). Such a truncated dataset is known to cause artifacts of "ripples" in the Gardner transformed results, limiting its accuracy in analyzing experimental datasets. More recent improvements on the Gardner deconvolution have been proposed, but all suffer from the same limitations when handling a truncated experimental dataset.
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Another way to extract the time constant spectrum G(u) is through the moments of the log-scale derivative −F (x), as proposed by Zorn.
35 Using the properties of the convolution integral, the first, second, and third central moments of the time constant spectrum G(u) can be calculated from those of the measured derivative −F (x). Then the best fitting model can be determined by comparing the calculated moments with those of all candidate models. However, similar to the Gardner transform, calculating the moments of −F (x) also requires integrating from x = −∞ to +∞, which induces a large error with a truncated dataset, making Zorn's method just as difficult to implement in practice.
Finally, one can in principle deduce the time constant spectrum G(u) from a numerical deconvolution of the transient using Eq. (8), or from its derivative using Eq. (9). However, again, the numerical deconvolution task requires that a reasonable extrapolation curve be determined for a finite experimental dataset, and prior to the present work, no analysis provided a reasonable estimate for such an asymptotic curve. For this reason, we propose two empirical models that successfully approximate various different functional forms to fit a truncated dataset from only four lineshape parameters and thereby serves as an accurate approximation to the full deconvolution problem.
B. Parametrization of transient lineshape parameters
Four key lineshape features in −F (x) are quantified to characterize an arbitrary heavy-tail transient, following the steps below: 0. Plot the measured transient in log-time x = ln t, and plot the log-time derivative −F (x). Take data past the inflection point in F (x) to the FWHM of the derivative −F (x).
1. First identify the peak position x p in the derivative −F (x), which is also the inflection point of the original transient on the linear-log plot.
2. Find the amplitude of the derivative peak B = −F (x p ).
3. Identify the half maximum position x − < x p so that −F (x − ) = B/2, defining the left half maximum linewidth ∆x
4. Identify the half maximum position x + > x p so that −F (x + ) = B/2, defining the right half maximum linewidth ∆x
These four lineshape features can be extracted from an incomplete dataset as long as the transient surrounding the FWHM of the derivative curve −F (x) is measured (thick lines in Fig. 3 ). This achieves a significant advantage over deconvolution as well as the Fourier transform method of Gardner 36 and the moment method of Zorn,
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which cannot handle truncated datasets, and requires remarkably little information about the original curve to achieve extremely accurate fits to the diverse functional forms studied here. The extracted features of the three theoretical models discussed in Section II are listed in Table I. 5. From the four lineshape features x p , B, ∆x − , and ∆x + , deduce three intermediate parameters: FWHM ∆x, asymmetry , and fractional linewidth contribution c whereby 0 < c < 1.
For a narrow peak with c < 0.7 (∆x < 3.4), the lineshape is determined mostly by the impulse function −H (x), regardless of G(u) skewness, and the transient can be approximated by any of the three-parameter models. Conversely, for a wide peak with c > 0.95 (∆x > 8), the impulse function −H (x) can be approximated as a delta function, giving G(u) ≈ −F (u), the limit discussed by Jackson et. al. 51 The skewed four-parameter models are therefore only necessary for intermediate width when 0.7 < c < 0.95.
C. Generalization of the time constant spectrum:
Skew normal distribution
Below we describe how a single-peak continuous time constant spectrum G(u) characteristic of disordered systems can be approximated empirically with a skew normal distribution. All three of the previously considered lineshapes -Gaussian normal, stretched exponential, and algebraic decay -are distinguished by their skewness, so a generic lineshape with an additional skewness parameter should serve as a reasonable approximation to any of the above lineshapes, as we shall demonstrate.
The skew normal distribution function G SN (u) is defined with the four parameters: amplitude A, central time constant u 0 , linewidth s, and skewness α.
The asymmetry parameter α can be any real number. For convenience, a bounded asymmetry parameter −1 < δ < 1 is introduced that
whereby α, δ < 0 represents a left-skewed time constant spectrum and α, δ > 0 represents right-skewed. The skew normal time constant spectrum can be directly constructed from the four derivative peak shape parameters B, x p , ∆x, and : 6a. Calculate the four skew normal parameters A, u 0 , s and δ (α) using the following set of empirical equations.
In Eq. (27), Euler's constant γ ≈ 0.5772 is the distance of the mean position of impulse response −H (x) to the left of its peak, and H ≈ −0.192 is the asymmetry of −H (x). The empirical equations for the four shape parameters in the skew normal spectrum are determined in the following way. Since is nearly independent of δ for small |δ|, but increases dramatically as |δ| → 1, δ can be approximated by a high-integer root of in Eq. (27a). The derivative peak width contributed by the time constant spectrum c·∆x is approximately proportional to the standard deviation of the skew normal 1 − 2δ 2 /π · s, giving Eq. (27b). The shift of the derivative peak position x p from the skew-normal position parameter u 0 is due to both the asymmetry of the impulse function −H (x) and the spectrum asymmetry. The peak shift induced by the the asymmetric impulse function is approximated by the second term in Eq. (27c). The asymmetry induced peak shift, equals the mean position of the skew-normal distribution 2 π sδ for small δ but deviates for large δ, empirically approximated by the third term in Eq. (27c).
The integrated amplitude A is approximated by the product of peak height B and ∆x, with the width dependent denominator in Eq. (27d) as a correction for the heavytailed impulsed function.
The skew normal time constant spectrum and the corresponding heavy-tail transient can be reconstructed from the four parameters. Alternatively, one can empirically approximate heavytail transients directly with a four-parameter decay function. Here we use the dispersive diffusion transient function that unifies the stretched exponential decay and the algebraic decay forms. This functional form can be applied for any heavy-tail decay with derivative peak asymmetry H 0. The dispersive diffusion decay function f DD (t) is defined with four parameters: amplitude A, characteristic time constant τ 0 (or u 0 = ln τ 0 ), dispersiveness β, and skewness k.
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Both the stretched exponential function and the algebraic decay function can be considered as limit cases of the dispersive diffusion function, with the skewness parameter k in the dispersive diffusion function implicitly determines the skewness of the time constant spectrum. At the limit k → 0, Eq. (28) reduces to the stretched exponential function with a left skewed spectrum; and at the limit k → 1, Eq. (28) reduces to the algebraic decay function with a right skewed spectrum. Heavy-tail transients with intermediate spectrum skewness can be fitted with 0 < k < 1.
Similar to the skew normal approximation method, the parameters of the dispersive diffusion relaxation can also be directly estimated from the four derivative peak shape parameters B, x p , ∆x, and : 6b. Calculate the four dispersive diffusion parameters A, u 0 , β and k using the following set of empirical equations.
Eqs. (29) use polynomial functions to empirically fit the inverse functions of the dispersive diffusion parameters with respect to the transient derivative lineshape parameters. The values of the polynomial parameters are listed in Table II below. 8b. Calculate the linear-scale time constant distribution g(τ ) by numerical inverse Laplace transform of f DD (t), or the log-scale time constant spectrum G(u) by numerical deconvolution of F DD (x).
E. Evaluation of fit accuracy
Both the skew normal (SN) and the dispersive diffusion (DD) methods have been tested on the three theoretical heavy-tail transients discussed in Section II. The four lineshape features according to Section III.B, the resulting skew normal fit parameters according to Section III.C, and dispersive diffusion fit parameters according to Section III.D for the three models are listed in Table  I . Fig. 3 shows how well the skew normal time constant approximation (gray dashed lines) and the dispersive diffusion transient approximation (gray dotted lines) can match the various mathematical models (solid green, red, and blue lines). Both methods are able to reproduce the lineshape within the FWHM region of the F (x) derivative almost perfectly, and the error is mostly in the tails of the derivatives.
To estimate the time constant spectrum accuracy of the approximation methods, the difference between the fit spectrum G fit (u) and the original spectrum G(u) is quantified in terms of the fraction of the non-overlapping area:
where Λ is defined analogous to the overlapping coefficient of probability distributions, 55 but normalized by the average of the original and the fit spectra. Fig. 4(a,c) shows how D changes with the derivative linewidth ∆x, reproducing the time constant spectra within less than 10 % error for the SN method and less than 5 % error for the DD method. But if the underlying physical mechanism is known, such that the SN fit is applied to Gaussian transients and the DD fit to SE and AD transients, this error is reduced below 3 %. In Fig. 4(b,d) , the amplitude error |∆A|/A, defined as ∆A = A − A fit is equivalent to the accuracy of the asymptotic value. This amplitude error is less than 6 % for all three physical models using either approximation method. Again, if the functional form is known, then the SN to Gaussian transients and the DD fit to SE and AD transients are accurate to less than 1 %. This level of accuracy allows one to extrapolate the entire heavy-tail transient to extremely long time scales which might exceed practical measurement duration, while helping to identify the underlying physical model.
IV. APPLICATION TO EXPERIMENTAL HEAVY-TAIL TRANSIENTS
Finally, we apply the methods of Section III to experimental data from the literature, and analyze their time constant spectra with these skewed four-parameter models. The datasets of Samples #1 and #2 are extracted from reports on amorphous silicon (a-Si:H) and Sample #3 from amorphous InGaZnO (a-IGZO). Sample #1 is a-Si:H from Stutzmann et. al., 56 whereby the transient is proposed by the authors to result from an increase of the number of dangling bonds under constant illumination for 5 hours. Sample #2 is a-Si:H from Kakalios et. al., 27 where room temperature defect density relaxation induced by thermal stress was measured for over a year. It was reported that defect creation/annihilation kinetics in a-Si:H is dominated by the diffusion of hydrogen passivation atoms, 27,57 thus a stretched-exponential behavior was expected. 20, 58 Sample #3 is an a-IGZO thin film from Luo et. al. 54 The room temperature photoconductivity relaxation after saturation illumination was measured for around one year. Both stretched exponential and algebraic decay models are physically justifiable candidates for the heavy-tail transients observed in previous a-IGZO studies, 21,59-61 so the DD fit is expected to perform better.
To make a clear comparison among all datasets, each transient is normalized to a unit transient with zero asymptote. Sample #1 has a discrete dataset shown in Fig. 5(a) with its derivative plotted in panel (b). This is an example of an insufficient dataset where the data was not taken past the inflection point in log-time. The three pairs of fits match the measured segment of data equally well, and in panels 5(b) and (c) illustrate what can and what cannot be discerned when the measurement duration is not long enough. All fit curves overlap the measured transient and its derivative, but they imply very different time constant spectra in panel (c), and very different asymptotic values in panel (a). Thus one must always measure up to the inflection point on the linearlog plot of the transient, or equivalently, to the peak on the log-scale derivative, to have a reasonable estimate of the characteristic time scale; and up to the right halfmaximum point to be able to estimate the full lineshape and predict the asymptotic value. The original report described the transient with a power-law increase with illumination time t. As Redfield and Bube have pointed out later, 20 this power-law relationship at short times can alternatively be explained as a segment of a stretched exponential response, and we argue here that it could also Sample #2 has a discrete dataset shown in Fig. 5(d) , with its interpolated derivative plotted in panel (e). The derivative shows a clear peak as well as the half maximum point on both left and right sides. The lineshape parameters of the experimental transient and the corresponding four-parameter fits are listed in Table III . With just the information of the peak and the two half maximum points, both the skew normal approximation and the dispersive diffusion approximation are able to accurately reconstruct the derivative and the transient in the FWHM region with time scales spanning 3 orders of magnitude. Whereas the skew normal function slightly underestimates the short-time tail of the time constant spectrum, causing 6 % error in the estimated response amplitude, the dispersive diffusion fit, as expected, matches the experimental data with high accuracy. Note that even though the original report fitted the transient with the stretched exponential function, the symmetric derivative peak ∆x − ∆x + suggests that the algebraic decay model might make a better threeparameter fit, as per the discussion at the end of Section II.B.3.
Sample #3 has a continuous dataset shown in Fig. 5 (g), with its derivative plotted in panel (h). The derivative shows a clear peak as well as the left half maximum point. The right half maximum point is easily extrapolated from the trend in experimental data. The asymmetric derivative peak ∆x − > ∆x + suggests that the dispersive diffusion fit might tend more towards a stretched exponential k = 0 in Eq. (28), and away from an algebraic decay k = 1. Sure enough, the values listed in Table III reveal k = 0.28. The skew normal approximation and the dispersive diffusion approximation, as plotted by the gray dashed and dotted lines respectively, provide good fits to the transient and the derivative peak around the inflection point spanning time scales over 2 orders of magnitude, with error arising only at the tail of the derivative peak. These skewed four-parameter models will allow accurate prediction of the asymptotic value of the transient, which would otherwise take another ten years to measure experimentally.
As shown in the above examples, the best way to represent a heavy-tail transient is on a linear-log plot that plots data as linear amplitude vs. log-time. Many previous reports showed the transient data on linear plots 19, 21, 56, 62 , log-log plots 19, 56 , or log-linear plots with amplitude on log-scale and t on linear scale 25, 26, 63 . Those representations of the data make it difficult to identify the important features of the transient lineshape, which can inadvertently lead to insufficient data collection and/or misinterpretation of the transient behavior.
V. CONCLUSION
In conclusion, we analyzed heavy-tail transients described by various characteristic lineshapes as well as published experimental data in terms to evaluate their time constant spectra. By plotting a transient response on the linear-log plot, a single peak arises in the log-scale derivative for most experimentally measured heavy-tail responses. This derivative peak was shown to be a convolution of the log-scale time constant spectrum with an impulse function −H (x) of an exponential in log-time. During an experiment, it becomes possible to identify whether the measurement duration is long enough to extract the time constant spectrum by monitoring the derivative of the transient data in log-time. With a truncated dataset spanning the full-width at half maximum of the log-scale derivative, sufficient lineshape information is acquired to be able to reconstruct the entire time constant spectrum with a skewed four parameter model, as well as accurately estimate the asymptotic value of the transient decay. 
